HOPF INVARIANTS, LOCALIZATION AND EMBEDDINGS OF POINCARE COMPLEXES BRUCE WILLIAMS
THEOREM 0.1. Let P n and Q n be simply connected Poincare complexes such that P (2) = Q (2 ) . Assume n ^ 2k -2. Then P n Poincare embeds in S n+k if and only if Q n Poincare embeds in S n+fc .
The Browder-Sullivan-Casson-Wall embedding theorem [see [23] Chap. 12] then implies the analogous result for manifolds which has also been proven by Rigdon [18] using entirely different methods.
The proof of (0.1) relies upon the following: THEOREM 0.2. {Localize at odd primes.) Let X be a {q-l)-connected space, and suppose X ™ X, X.
Then for m^Zq -2, Σ°°:
{X) has a right inverse.
This result is false if we do not localize at odd primes. For example, Mahowald's η s e π\j do not desuspend to 7i 2 . 2 
j^(S 2J~3
) (see [14] ). The result is also false if X is not a suspension, e.g., X - If X is a sphere, then this corollary implies the well known result that for r ^ 2n -2 π s r n odd
(see [16] , [22] , [21] , and [7] Appendix 2).
BRUCE WILLIAMS
Elsewhere [13] in joint works with Ib Madsen and Larry Taylor (0.2) is applied to the classification of P.L. manifolds.
I. Q( ) = Ω~Σ~( ) .
Proof of (0.2). Consider the following commutative diagram Since Q sends cofibrations to fibrations, the right vertical edge of (1.1) is a fibration sequence. Milgram's EHP sequence (see [15] is a homotopy equivalence, and
REMARK. If X ^ I'X, m ^ 3g -4, and we localize at odd primes; then a right inverse to Σ™ can be derived from the following left
Proof o/(0.3). (Localize at odd primes.) By considering diagram (1.1) with X replaced by Σ i~1 X, one gets that when m + i 5* 3(
where
Thus the nonzero elements in the 4 +m (S M κ Z2 J^X) term do not desuspend.
The double cover π:
Furthermore, the commutativity of the following diagram Surgery theory shows that this conjecture would imply the Hirsh conjecture on embedding τr-manifolds. See [6] for a partial converse when X = S\ The Corollary (0.3) implies this conjecture is true when we localize at odd primes.
2. Compute the Hopf invariants of stably trivial elements. If a 6 π n {ΣX) is stably trivial, then in the metastable range a = d(w) for some element w eπ n _ n (S°°κ Z2 ΣX A ΣX).
Conjecture. H{a) = t(q(w)) in π&ΣX A ΣX), when t is the transfer of the double cover S™ KΣXAΣX-* S 00 x Zi ΣXAΣX f and q comes from the stable equivalence
The conjecture is equivalent to stably computing the map t t in the cofibre sequence
is exact, where Δ is the reduced diagonal map.
Since 7Γ| (S°° ix Zz X Λl)-π\(X A XY 2 , there exists some map k: π\{X) ~> πl(X A X) such that image Σ°° = kernel k. Furthermore, an easy Postnikov decomposition argument shows the conjecture is true when localized at 0.
REMARK. Even if we do not localize, there is a close connection between the Hopf invariant and the reduced diagonal.
If X=ΣX, then the pinch map X->XV X yields a trivialization Γ x : cone I->lΛlof Proof. This is just a reinterpretation of the proof of Theorem 5.14 in [3] If q is odd we shall show the map in fact lifts to BSF q _ 2{oάd) . It suffices to show π^SG/SF^^a) = 0 when k is even and i <^ 2k + 1. Consider the exact sequence:
By studying the double suspension (see [7] Appendix 2) one gets that J5T is an epimorphism, Σ°° is an isomorphism, and ^i{SGISF k _τ) mά) = 0 when i <ί 2& + 1.
The following result was proved in [10] . Although this is a purely homotopy theoretic result, the proof in [10] consists of converting (W, A) to a manifold and then using smooth embedding theory. In § III progress is made towards a homotopy theoretic proof. is the S? 2 rfibration associated to ΎJ (see Sullivan [20] for definition and properties). Let ξ k = /*^? 2 >. Z"
Proof of

lifts to a map of Sf^-fίbrations b{f ι ): S(tf 2) ) -> S(ζϊ) which induces a map of Thorn complexes Γ(/ -): T(τj {2) ) -> T(ξ t ). Notice that c t = T(f~ι)(d {2) ) is a unit in π n+k (T(ξ t )), i.e. deg^e^, is a unit.
Suppose that we could construct a S^-fibration ξ over P such that 
